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1. INTRODUCTION

The theory of diophantine equations offers arich variety of fascinating problems. In particular, biquadratic Diophantine equations,
homogeneous and non-homogeneous have aroused the interest of numerous mathematicians since antiquity (Dickson, 1952,
Mordell, 1969, Carmichael, 1959, Telang, 1996, Nigel and Smart 1999). In this context, one may refer (Gopalan et al.,
2009,2010,a,b,c,2012a,b; Meena et al., 2014) for various problems on the biquadratic diophantine equations with four variables
and (Gopalan et al., 2009,2011,2014,Vidhyalakshmi et al., 2014) for five variables and (Gopalan et al., 2012) for six variables.
In this paper the non-trivia integra solutions of the non-homogeneous equation with six unknowns given by

x* - y4 —8zw= ZT(P2 +1) arediscussed. A few relations among the solutions are presented.

2. Method of Analysis

The Diophantine equation representing the given equation with six unknowns under consideration is

XYy —82W=2T(P24D) oo (D)
Theintroduction of the linear transformations,

x=u+v,y:u—v,z:u2,W:v2,P=2v,T:4uv, UV>0 i, 2
in (1) leadsto
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The above equation (3) is solved through different approaches and thus, one obtains different sets of solutionsto (1)
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2.1 Patternl

Considering (3) asaquadratic in U and solving we get

e vEV13V2 + 4

2
By considering Vi=2X e (B)

we get the solution of (3) as

U= XEB oot ()

The General solution (an, Xn) of this pellian equation (6) is obtained as

a_ = %[(649+180\/1_3)n+1 + (649—180\/]§)n+1]

............................................. )
1 n+1 n+1
X :2—@{(649+180\/E) - (649-180V13) ]n:O,L 2...
Casel: Consider Up = Xp+a@pnand Vo =2Xp . 8
Then the corresponding integral solutionSto (1) are given by
Xn = +ig
2 2413
Yo=3t-—t=g
2 BT e 9)
Z, :5—12(13f2+2J1§fg+gz)
1 2
W, = —
n 139
2, 2
T,== 13f
n=15(0”++1319)
2
P =——
n \/ﬁg
where
£ =649 +180.,/3 P (649 —180.43 st :
g=(649+18013 )" —(649-180413)" |
' ' ' o e (10)
A few numerical examples are given below
n 0 1 2
X, 1189 1543321 2003229469
y 469 608761 790171309
n
Z, 687241 1157864233681 1950771976632751321
W 129600 218350598400 367877524885646400
n
T 1193760 2011249753920 3388557607903248480
n
P 720 934560 1213058160
n

The solutions (9) of (1) satisfy the following properties



296 International Journal of Information Research and Review Vol. 2, | ssue, 01, pp. 294-300 January, 2015

. 522n - 20X2n+1 - 8y2n+1 -24=0
«  20%n:1~ Yantd) = (%0 +3Yn) (% — Yn)

e  Thefollowing expressions are nasty numbers:

(@ 21(527 —13(Xon41—3Yon+1) +4)
(b) 3(Xon1+3Yoni1+4)

e  Thefollowing are cubic integers:
()18 262, —10%on,41 —4Y2ny]

(b)14(Xon 11 +3Y2n1 +4) —13(X, — Yn)2 —104z, + 26T,
(d) 4 X3n+2 +3Y3n+2 + 30 +3Yn)]

e  Thefollowing expressions are biquadratic integers:

2
@ 8[x4n+3 + 3y4n+3 + 2(Xn + 3Yn) - 4]
(0) Xan+3+3Yans3 +HXons1 +3Y2n1) +12]
Remarkable observations
I: By considering suitable linear transformations between the solutions of (1), one may get integer solutions for the Parabola.

(a) lustrationl: It isto be noted that the Parabola

Y2 =2X
is satisfied for the following three sets of valuesof X and Y

Setl:
Y =X, +3Yn
X =Xont1+3Yons1+4

Set2:
Y =Xon1+3Yoni1+4

X = Xan+3+3Yan+3+ 2% + 3yn)2 -4
Set3:
X =WnXon 1 +3Y2n 1 W + AW,

Y =Xon+1— Yon+1

(b) lustration2: The Parabola
Y2 =4x
is satisfied for the following two sets of valuesof Y and X

Setl: Y =(%~—Yn)
X =W,
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Set2: Y=H,
X =W,

Case2:

Consider Up = X =81 a0 Vg = 2X[  coiii i e (11)
Then the corresponding integral solutionsto (1) are given by
_ 3 f
213 2
g f
=" =5
" 213 2
1
7, =—(13f2 - 213fg + g?)
52 12
S (12)
W, =—
n=13 g
2
Th === (9% -+13fg)
13
2
Pi=——=0
13
where f and g are obtained from (10)
A few numerical examples are given below:
n 0 1 2
X, -109 -141481 -183642229
Y, -829 -1076041 -1396700389
n
Z, 219961 370589955121 6243706975667731481
W 129600 218350598400 367877524885646400
n
T -675360 -1137847360320 1917047508360662880
n
P 720 934560 1213058160
n
2.2 Pattern2
Considering (3) asaquadratic in V and solving we get
,_u ++/13u% -12
6
By considering U = 2X e (13)
in the above equation we get
1
V= —§(X = 1) IO PPPUUPRPUURUPPPPPRRPR (1 /)

Wherea2:13X2—3

riereenee. (15)
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The smallest positive integer solution (Xg,a) of (15) is

To obtain the other solutions of (15), consider the Pellian equation

whose general solution (in,é”n) is given by

a, = %[(649+180\/E) + (649 -1804/13) ”*1]

- ~[1649+180113) + (649180413 | n - 123...

Applying Brahmagupta lemma, between the solutions ( Xp,a 0) and, ()Z n a n ) the general solutions of (15) are found to be

X,., =28, +7X,
a,, =74, +26X,

j

Using (16) and (18), the above equations becomes

Xna==f+ 79v13
26
7f
an+1:7+ OVI3 | (19

Taking advantage of (19), (13), (14) & (2), and performing some a gebra, the sequence of integral solutions of (1) can be obtained
as

1 3
Xn+1=§f "F_g\/E

7
Yni1= > - f +_9\/_

49
Zni =4 f +—Jﬁfg +,0°]

. 81f 2 1089 297 .............................................. (20)
Whi1 =5l — g%+ 131q]
52
89f2 231 , 129
Th1=—= + + 13gf
n+l 3[ 7t 55 9 V13gf]

n+1 2[£ —\/— ]

where f and g are obtained from (10)

A few numerical examples are given below:
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n 0 1 2
X 1189 1543321
7 0043 11737807
Yn
z 16 26173456 44097090238096
9 15421329 5081886201049
Wh
T -48 -80362128 -135394273460208
n
P -6 -7854 -10194486
n

The patterns of solutions (Xn, Ynr Zqs Whys P, Tn)to (1) presented in (9), (12) and (20) satisfy the following recurrence
relations:

Xn+2 ~1298%n,1 + % =0
Yn+2—1298Yn,1+ Yp =0

2. — 16848022, .1 + 2, = ~777600
W2 —1684802wW,,, 1 + W, = 259200
P,,»-1298P,,; + P, =0
T.,,—1684802T, 1 +T, = 518400

e (21)

3.Conclusion

In this paper, different patterns of non-zero distinct integral solutions of the non-omogeneous biquadratic equation with six
unknowns, given in the title are obtained. As the biquadratic equations are rich in variety, one may attempt for finding integer
solutions to the biquadratic equations with multiple variables and search for their properties.
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