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INTRODUCTION

The theory of Diophantine equations offers a rich variety of fascinating problems. In particular, biquadratic diophantine equations,
homogeneous and non-homogeneous have aroused the interest of numerous mathematicians since antiquity (Dickson, 1952,
Mordell, 1969, Carmichae, 1959, Telang, 1996, Nigel and Smart 1999). In this context, one may refer (Gopalan et al 2009, 2010,
a, b, c, 2012, Meena et al 2014) for various problems on the biquadratic diophantine equations with four variables and (Gopalan et
al 2009, 2011, 2014, Vidhyalakshmi et al 2014.) for 5 variables However, often we come across non-homogeneous biquadratic
equations and as such one may require its integral solution in its most general form. It is towards this end, this paper concerns with
the problem of determining non-trivial integral solutions of the homogeneous equation with five unknowns given by

    2222222 11)3)(2(2 Twzxyyxyx 

A few relations among the solutions are presented.

MATERIALS AND METHODS

The homogeneous bi-quadratic equation under consideration is

    2222222 11)3)(2(2 Twzxyyxyx  ……………………………………………………………………..… (1)

Introducing the linear transformations

x=u+v,y=u-v,z=2u+v,w=2u-v …………………………………………………………………………….. (2)
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in (1) it is written as

222 117 Tvu  ……………………………………………………………………………………... (3)

22 7 baT  …………………………………………………….…………………………………….. (4)

Write 11 as

)72)(72(11 ii  ………………………………………..……………………………….... (5)

Using (4), (5) in (3) and using method of factorization, define

2)7)(72(7 biaiviu 

Equating real and imaginary parts in the above equation, we get

abbau 14142 22 
abbav 47 22 

Substituting the values of u,v in (2) we get





















abbaw

abbaz

abbay

abbax

32213

24355

187

10213

22

22

22

22

……………..…………………………………..…………………….. (6)

Thus (4) and (6) represent the non-zero distinct integer solutions to (1)

Properties

024)1,(),1()2 1  aGnoaaxaax

)33(mod4),1(),1()3 ,58  btbybz

  aOHaaxaaT 30)12,(12,3)4 22  is a nasty number.

5)Each of the following is a perfect square:

bPRbybxi 28),1(),1() 

aOHaaTaawaayaaxii 12)12,()12,()12,()12,((2) 2222  ataaTaayiii ,336)1,()1,((2) 

One may also write (3) as

)8(mod32021),1()1 5
,8,4

2
2  aaa

Pttaax

285 Gopalan et al. Integral solutions of homogeneous bi-quadratic equation with five unknowns



1*117 222 Tvu  ………………………………………………………………..……………… (7)

Write 1 as

121
)743)(743(

1
ii 

 …………………………………………………..……………… (8)

Using (4),(5) and (8)  in (7) and employing the method of factorization, define

11
)7)(743)(72(

7
2biaii

viu




Equating real and imaginary parts in the above equation and performing some algebra,
the non-zero integral solutions to (1) are given by


























22

22

22

22

22

7

24355

32213

10213

187

baT

abbaw

abbaz

abbay

abbax

Properties

)11,(3)11,()1 aaxaay  is a perfect square

)2(mod1Pr182),1()2 ,8  aataax

52222 4),1(5),1(),1(),1()3 aPaaTaawaazaay  is abiquadratic   integer

ataawaaT ,410)9,()9,(5)4  is a cubical integer

)27(mod722818)12,()5 ,31,4

2
2  aaa ttSOaax

However, it is worth mentioning that the integers 11 and 1 in (7) may also be represented as follows:
















64
)731)(731(

1

16
)751)(751(

11

ii

ii

………………………………………………………………. (9)

Making use of the above representations (9) and employing (2), four more patterns of integer solutions to (1) are obtained and they
are as follows:
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Pattern1

























)7(4

142213

138497

72284

68426

22

22

22

22

22

BAT

ABBAw

ABBAz

ABBAy

ABBAx

Pattern2

























)7(11*4

)2582051293(11

)8061785255(11

)81092156(11

)540826118(11

222

22

22

22

22

QPT

PQQPw

PQQPz

PQQPy

PQQPx

Pattern3

























)7(4

31663090

46843462

12036452

27216824

222

22

22

22

22

BAT

ABBAw

ABBAz

ABBAy

ABBAx

Pattern4

























)7(4

323024432

8642800400

1921568224

6401344192

223

22

22

22

22

QPT

PQQPw

PQQPz

PQQPy

PQQPx

Conclusion

In (2), the representations for z and w may be considered as z=2uv+1, w=2uv-1 and thus, one may be getting six more choices of
integer solutions to (1).As bi-quadratic equations with five unknowns are rich in variety one may search for other patterns of
solutions along with their properties.
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