International Journal of Information Research and Review, October -2014

IJIRR

International Journal of Information Research and Review

Vol. 1, Issue, 10, pp.099-101, October, 2014 .....m........@
RESEARCH AN

W

Full Length Research Article

ON THE TERNARY CUBIC EQUATION 5(X* +Y*)-9XY + X +Y +1=23Z7"

*Vidhyalakshmi, S., Kavitha, A. and Gopalan, M. A.

Department of Mathematics, Shrimati Indira Gandhi College, Trichy, India

ARTICLE INFO ABSTRACT
Article History: The ternary cubic Diophantine equation is analyzed for its infinitely many non-zero distinct integral
Received 07" July, 2014 solutions. A few interesting properties among the solutions are presented.

Received in revised form

22" August, 2014

Accepted 16™ September, 2014
Published online 30" October, 2014

Keywords:
Ternary Cubic,
Integral Solutions.

Copyright © 2014 Vidhyalakshmi et al. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

INTRODUCTION w2u+l+19v =232 3)
Integral solutions for the cubic homogeneous or non- ’ ) 3

homogeneous Diophantine equations are an interesting @+D"+19v" =232 . “4)
concept, as it can be seen from (Carmichael, 1959; Dickson, Let Z=a+19b2

2005 and Modrell, 1969). In (Gopalan, 2006,2007, 2008a,b,c,d,
2010 a,b,c,d,e,f,g, 2013a) a few special cases of ternary cubic
Diophantine equations are studied. In this communication, we
present the integral solutions of yet another ternary cubic
equation5(X* +Y*)—9XY + X +Y +1=23Z" A few interesting PATTERN: 1
relations between the solutions are obtained.

where a,b are non-zero distinct integers. Different patterns of
(1) are illustrated below.

Write 23 as, @ +iVIOQ-iN19) (5)

MATERIALS AND METHODS o .
Substituting (4) and (5) in (3)

The Diophantine equation to be solved for its non-zero
distinct integral solution is,

(u+1)% +19v? = (2+i19)(2 - iv19)(a + iv19b)* (a — in/19b)

Employing positive and negative factors, we get,

5(X?+Y*)-9XY + X +Y+1=232° 1

The substitution of linear transformations, (u+1+i J19 v)=(2+ i19 Na+i \/Ebf ............... (6)
X=u+v,Y=u—-vu#zv+0

| u+v U—V,U#V ceeees(2) (”+1—i\/ﬁv)=(2—i\/ﬁ)(a—i\/ﬁb)3 o
in(l)yweget, T TR AT TR TS e

2 2 _ 3
S(+v) +u—v))-9u+vu-v)+u+v+u—-v+1=237Z Equating real and imaginary parts in (6)
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v=a’-38b> —57ab* +6a’b
Hence the values of XandY satisfies (1) are given by,

X(a,b)=3a> +3236> —171ab* - 51a*b -1

Y(a,b) = a> +399° —57ab? - 63a’b -1
Z(a,b)=a’+19b*

Thus (8), (9), and (4) represent non-zero distinct integral
solutions of (1) in two parameters.

PROPERTIES

*2cp,, —X(a)) =T, , = 0(Mod?2)
*3Y(a,2)- X(a,2) + Ty, , = (Mod5)

e V(@) = cpe, + Trss, = 3(Mod5)

€ 18p] - X(a.) ~ Ty, = 0(Mod2)

. 6{Z(a, a(a+1)) - 76T3?a } is a nasty number

PATTERN:2
Assume 2 = a® +19b°
| O+i19)9-iV19)
Write 1 as, 100 e (10)
(u+1)>+19v> =232°*1 (11

(3) is written as

Substuting (4) and (10) in (11) and applying the method of
factorization, wehave

(+ 14 i19v)(u + 1= iV19v) = 2 +iV19)(2 = iV19)(a + iV19b) (a - iV19b)° ©+i19)0-iv19)

100
Define,

(u+1+iv19v) = %(2+i\/@(9+i\/5)(a+i\/ﬁb)3

Equating real and imaginary parts, weget

u= %[—cf +3971b° +57ab> —627a’b —10]

V= %[1 la® +19b° —627ab* —3a*b]

Substituting the values of u and v in (2) , weget

X(a.b)=a’ +399b° —57ab® —63a’b -1

Y(a,b)= %[—125:3 +39526° +684ab” — 624a%b—10]

As our interest is on finding integer solutions, we choose a and
b suitably so that the values of u and v are in integers.

Replace a by 5A and b by 5B in (4) and (12), the corresponding
integral solutions of (1) are,

X(A4,B)=1254> + 49875 B> 7125 4B — 7875 4>B - 1

Y(A,B) =—-64> + 49400 B> + 8550 4B> — 7800 4°B — 1

Z(A,B)=254% +475B>
PROPERTIES

o Y(Al)—6cps , —cpe 4 — Ty, =2A(Mod7)
*Y(A,1)+90H , + 78007, , =6(ModT)

o7, ,—Z(A])=—-4A4(Mod5)

o X(A4))+18p} + 77917, , =1(Mod3)

*6¢cp, , +7800pr, + X(A4,1) =4(Mod5)

® 6cpyg , = X (A1) +95¢ps 4 = Ti515,, 4 = 6(Mod7)
* X(1, B)—49400cp, , —1900HD, = 9(Mod10)

Coclusion

To conclude, we may search for other patterns of solutions to
(1) along with their properties.
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